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Scaling-up SGD with mini-batches



Today
- Synchronous Distributed Optimization

- Distributing SGD effort with minibatches

- Performance of Distributed SGD



Stochastic Gradient Descent

- Idea (‘50s, ‘60s [Robbins, Monro], [Widrow, Hoff]): 
Sample a data point + locally optimize.

loss for data point i

SGD:  An Über-algorithm

min
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`(w; zi)

wk+1 = wk � � ·r`(wk; zik)



Stochastic Gradient Descent

SGD can take years on large data sets 

Goal:
Speed up Machine Learning



Idea:
Train at scale



Minibatch SGD



Sergeev, et al. Horovod: fast and easy distributed deep learning in TensorFlow, https://arxiv.org/abs/1802.05799
https://github.com/baidu-research/baidu-allreduce

Algorithm of choice: minibatch SGD

All nodes compute gradients

B = batch size, 
gradients / iteration

https://arxiv.org/abs/1802.05799
https://github.com/baidu-research/baidu-allreduce
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Algorithm of choice: minibatch SGD

All nodes compute gradients

B = batch size, 
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Serverless Distributed SGDAlgorithm of choice: minibatch SGD
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Algorithm of choice: minibatch SGD



Algorithm of choice: minibatch SGD
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Algorithm of choice: minibatch SGD

w = w � �
PX

i=1

gi

w = w � �
PX

i=1

gi w = w � �
PX

i=1

gi

Repeat until happy with model at hand

All nodes have the same model after each reduce round



Potential issue?
- Compute multiple gradients in parallel

- Issue: 
all 4 gradients computed on the same model

Q: Does it perform the same as SGD?

wk+1 = wk � �r`s1k(wk;xs1k
)

wk+1 = wk � �r`s2k(wk;xs2k
)

wk+1 = wk � �r`s3k(wk;xs3k
)

wk+1 = wk � �r`s4k(wk;xs4k
)



Evaluating the performance of 
mini-batch SGD



How to Analyze mini-batch?
• Measure of performance

worst case speedup =
bound on #iter of SGD to ✏

bound on #iter of Parallel SGD to ✏

Main Question:
How does minibatch SGD compare against serial SGD?



How to evaluate run-time

Two factors control run-time

Time to accuracy ε = 
[time per data pass]  X  [#passes to accuracy ε]



Per iteration time

- TL;DR: Becomes better with larger B
- Why? 

Bigger Batch *
Þ Better GPU utilization

Time per pass:
time for dataset_size/batch_size

distributed iterations

Bigger Batch 
Þ Less Communication
(smaller time per epoch)



Number of passes to ε accuracy

- TL;DR: Becomes worse with larger B

Large Batch 
Þworse train error

(more #passes to accuracy ε)

WHY?



Widely observed issue

WHY?
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High-level idea: “Similarity Hurts”

r`(w; ) r`(w; ) r`(w; )



w

High-level idea: “Similarity Hurts”

r`(w; )

Having workers near identical gradients is useless! 
=> no speedup

Really large batches 
=> “similar” gradient updates

r`(w; ) r`(w; )



1-sample SGD 
vs

B-sample SGD



Convergence of mini-batch SGD 

Main question: 
How does mini-batch SGD compare to1-sample SGD?

Idea: Compare T iterations of 1-sample SGD with T/B 
iterations of minibatch SGD

Hope: under some assumptions updating the global 
model every B gradients is not a big issue.



A single iteration of 1-sample SGD

Progress in a single iteration:

Ekw1 � w⇤k2 = Ekw0 � �rfs1(w0)� w⇤k2

= Ekw0 � w⇤k2 � 2�Ehrfs1(w0), w0 � w⇤i+ �2Ekrfs1(w0)k2



A single iteration of 1-sample SGD

Progress in a single iteration:

Ekw1 � w⇤k2 = Ekw0 � �rfs1(w0)� w⇤k2

= Ekw0 � w⇤k2 � 2�Ehrfs1(w0), w0 � w⇤i+ �2Ekrfs1(w0)k2

= Ekw0 � w⇤k2

� 2�Ehrf(w0), w0 � w⇤i+ �2Ekrfs1(w0)k2

When mini-batch “works”, you’d expect B times more progress!



Single iteration of B-sample SGD

Progress in a single mini-batch iteration:

kwB � w⇤k = kw0 � w⇤ � �
BX

i=1

rfsi(w0)k2

= kw0 � w⇤k2

� 2�

*
BX

i=1

rfsi(w0), w0 � w⇤

+
+ �2

�����

BX

i=1

rfsi(w0)

�����

2

How does it compare with 1-sample SGD?



Single iteration of B-sample SGD
“Progress” is equal to:

The “variance” term is equal to:

� 2�E
*

BX

i=1

rfsi(w0), w0 � w⇤

+
+ �2E

�����

BX

i=1

rfsi(w0)

�����

2

= �2B�E hrf(w0), w0 � w⇤i+ �2E
�����

BX

i=1

rfsi(w0)

�����

2
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= E
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@
BX

i=1

krfsi(w0)k2 +
BX

i=1

BX

j=1,j 6=i

hrfsi(w0),rfsj (w0)i
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Single iteration of B-sample SGD
“Progress” is equal to:

The “variance” term is equal to:

� 2�E
*

BX

i=1

rfsi(w0), w0 � w⇤

+
+ �2E

�����

BX

i=1

rfsi(w0)

�����

2

= �2B�E hrf(w0), w0 � w⇤i+ �2E
�����

BX

i=1

rfsi(w0)

�����

2
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= B · Ekrfs1(w0)k2 +
BX

i=1

BX

j=1,j 6=i

Ehrfsi(w0),rfsj (w0)i



Single iteration of B-sample SGD
“Progress” is equal to:

The “variance” term is equal to:

� 2�E
*

BX

i=1

rfsi(w0), w0 � w⇤

+
+ �2E

�����

BX

i=1

rfsi(w0)

�����

2

= �2B�E hrf(w0), w0 � w⇤i+ �2E
�����

BX

i=1

rfsi(w0)

�����

2
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= B · Ekrfs1(w0)k2 +
BX
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BX

j=1,j 6=i

Ehrfsi(w0),rfsj (w0)i

= B · Ekrfs1(w0)k2 +B(B � 1)Ekrf(w0)k2
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Mini-batch Progress

Progress in a single mini-batch SGD iteration:

Let’s compare with SGD!

�B ·
✓
2E� hrf(w0), w0 � w⇤i � �2Ekrfs1(w0)k2

� (B � 1)�2Ekrf(w0)k2
◆



Single iteration of B-sample SGD
1-sample SGD Progress:

B-sample SGD Progress:
�2�E hrf(w0), w0 � w⇤i+ �2E krfs1(w0)k2

�B ·
✓
2E� hrf(w0), w0 � w⇤i � �2Ekrfs1(w0)k2

� (B � 1)�2Ekrf(w0)k2
◆

Extra term directly controlled by batchsize



Single iteration of B-sample SGD
B-sample SGD Progress:

Simple idea: Make B so that the extra term is smaller 
than 

Set                                                                        

Ekrfs1(w0)k2

B = �
Ekrfs1(w0)k2

Ekrf(w0)k2

�B ·
✓
2E� hrf(w0), w0 � w⇤i � �2Ekrfs1(w0)k2

� (B � 1)�2Ekrf(w0)k2
◆



Single iteration of B-sample SGD
If                                    

We get

1- sample SGD gets:

B = �
Ekrfs1(w0)k2

Ekrf(w0)k2

�2�E hrf(w0), w0 � w⇤i+ �2E krfs1(w0)k2

�B ·
✓
2E� hrf(w0), w0 � w⇤i � (1 + �)�2Ekrfs1(w0)k2

◆

B times more progress! (approximately)



Gradient Diversity
Sum of grad norms:

Gradient Diversity: 

�(w) =

Pn
i=1 krfi(w)k2

k
Pn

i=1 rfi(w)k2

=

Pn
i=1 krfi(w)k2Pn

i=1 krfi(w)k2 +
P

i 6=jhrfi(w),rfj(w)i

M2(w) =
1

n

nX

i=1

krfi(w)k2



Main Result
Main Theorem (assumption-less!)

Remarks:
• This is a local lemma
• True for both global, local min, and critical points
• It’s universal! (no assumptions, always true)

Let wk·B be a fixed model, and let w(k+1)·B denote the model after a mini-
batch iteration with batch-size B = �n ·�(w) + 1. Then, we have

E{kw(k+1)·B � w⇤k2
�� wkB}  Ekwk·B � w⇤k2

�B

✓
2�hrf(wk·B), wk·B � w⇤i � (1 + �)�2M2(wk·B)

◆



Gradient Diversity
Gradient Diversity: 

Measures similarity between gradients
• Big Diversity: Larger batches => better speedups
• Small Diversity: Smaller Batches => worse speedup

Examples: 
1. All gradients are orthogonal, Diversity = 1
2. All gradients identical, Diversity = 1/n

�(w) =

Pn
i=1 krfi(w)k2

k
Pn

i=1 rfi(w)k2

=

Pn
i=1 krfi(w)k2Pn

i=1 krfi(w)k2 +
P

i 6=jhrfi(w),rfj(w)i



Main Result
Corollary:

Function class
serial SGD

step-size �(✏)
mini-batch SGD

step-size �(✏)/(1 + �)
�-strongly
convex

M
2 log(2D0/✏)

2�2✏
(1 + �)M

2 log(2D0/✏)
2�2✏

convex M
2
D0

✏2
(1 + �)M

2
D0

✏2

�-smooth 2M2
�(F (w0)�F

⇤)
✏2

(1 + �)2M
2
�(F (w0)�F

⇤)
✏2

�-smooth
µ-PL

M
2
� log(2(F (w0)�F

⇤)/✏)
4µ2✏

(1 + �)M
2
� log(2(F (w0)�F

⇤)/✏)
4µ2✏

Table 1: Convergence rates of serial SGD and mini-batch SGD with batch-size B for various function
classes. For serial SGD, we present the convergence rates that appear in the literature [2, 16, 23] and we use
common choice of step-sizes �(✏), which are also applied in Theorems 4-7. For mini-batch SGD, we assume
that B  � ·BS(w) + 1, 8 w 2 WT . The contents of the table show the upper bounds on the total number
of gradient updates for each algorithm and each function class to reach ✏-suboptimality.

1
n

P
n

i=1 fi(w) with bounded parameter space W, such that, if Bk 
1

2�� and Bk � �E[BS(wNk�1)]+
1 8 k = 1, . . . ,K (where the expectation is taken over the randomness of the mini-batch SGD
algorithm), and the total number of gradient updates T = NK �

c

��
for some universal constant

c > 0, we have:

E[kwT �w
⇤
k
2
2] � c

0(1 + �)
�M

2

�
,

where c
0
> 0 is a universal constant. More concretely, when running mini-batch SGD with step-size

� = ✏�

M2 and at least O(M
2

�2✏
) gradient updates, we have

E[kwT �w
⇤
k
2
2] � c

0(1 + �)✏.

We prove Theorem 8 in Appendix C.1. Although the above bound is only for strongly convex
functions, it reveals that there exist regimes beyond which scaling the batch-size beyond our funda-
mental bound can lead to only worse performance in terms of the accuracy for a given iteration, or
the number of iterations needed for a specific accuracy. We would like to note that this result can
conceivably be tightened for nonconvex problems, which we suggest as an interesting open problem.

We can also show that, up to a constant factor, the condition B 
1

2�� in Theorem 4 and 8, is
actually necessary for mini-batch SGD to converge when F (w) is strongly convex. We provide the
details in Appendix C.2.

4.4 Diversity-inducing Mechanisms

In large scale optimization, a few algorithmic heuristics, such as dropout [40], stochastic gradient
Langevin dynamics (SGLD) [46], and quantization [43], have been shown to be useful for improving
convergence and/or generalization. In this section, we show that these techniques can also increase
gradient diversity – and thus can allow us to use a larger batch-size – rendering mini-batch SGD
more amenable to distributed speedup gains. We note that using these heuristics may also slow
down the convergence of mini-batch SGD, since they usually introduce additional noise to the
gradients; and there is a trade-o↵ between the speedup gain in distributed system via using large
batch-size and the slowdown in convergence rates.

For simplicity, we call any diversity-inducing mechanism a DIM. In each iteration, when data
point i is sampled, instead of making gradient update with rfi(w), the algorithm updates with a

8

If B = �n ·�(w) + 1

Set batch-size ~= grad diversity and you’re good!



Can do better with odd LR schedules



Can do better with odd LR schedules



Lower Bounds

Theorem:

There exists problems where the bound on            is tight, 
and higher batch-size leads to slower convergence

B⇤(w)

We can’t increase the Batch size beyond a point 
without sacrificing speedups

Gradient Diversity in Practice



- CIFAR-10 (cuda conv-net)

Gradient Diversity in Experiments

Smaller diversity => slower convergence



- CIFAR-10 (cuda conv-net)

Gradient Diversity in Experiments

Smaller diversity => slower convergence

Q: Mechanisms to increase diversity?



Many more Questions….

• Generalization?
• What happens with delayed nodes?
• Comm. is expensive, how often do we average?



Generalization?
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Submission and Formatting Instructions for ICML 2018

st.dev Train Acc(%) Test Acc(%) E[OSG]

1 100±0 98.11±0.09 0.13±0.01
5 100±0 97.79±0.07 0.13± 0
10 100±0 97.60±0.04 0.17 ± 0.02
20 100±0 97.44±0.04 0.20 ± 0.01
50 100±0 97.09±0.2 0.26 ± 0.01

Table 2. Experimental results of training MNIST with 2-layered
neural network, with different variance of the random distribution
of the initial weight in the first layer. All results are observed when
the training loss reaches 0.001.

Batch Top-1 Acc Top-5 Acc E[OSG] OSG st.dev

256 58.42% 81.51% 458 71
512 59.19% 81.84% 505 78

1024 59.00% 81.94% 566 85
2048 58.88% 81.73% 631 93
4096 57.97% 81.00% 663 99
8192 55.90% 79.40% 668 105

Table 3. ImageNet training with AlexNet. All results are observed
when top-1 training accuracy reaches 99%.

5.2. Theoretical Analysis

In this section, we provide some light proof that connects
point-wise hypothesis stability and the Hessian as well as
the OSG norms at global minima of a loss function.

To present our results, we need to define the Polyak-
Łojasiewicz (PL) condition (Karimi et al., 2016):
Definition 5.1 (PL). A function f satisfies the Polyak-
Łojasiewicz (PL) condition on a domain W , if there exists a
µ > 0, such that for all w 2 W we have

1

2
krf(w)k2 � µ(f(w)� f⇤),

where f⇤ is the global minimum value of f .

When a function is PL, all its stationary points are global
minima. Note that strong convexity implies PL, but PL does
not imply strong convexity, as it allows for multiple global
minima. PL is a stronger condition than Quadratic Growth
condition that is defined below:
Definition 5.2 (QG). A function f satisfies the Quadratic
Growth (QG) condition on a domain W , if there exists a
µ > 0, such that for all w 2 W we have

f(w)� f⇤
�

µ

2
kw �⇧W⇤(w)k2,

where f⇤ is the global minimum value of f , and ⇧W⇤(w)
is the Euclidean projection of w onto the set of globally
optimal points W⇤ of f .

A recent important work (Dinh et al., 2017) inspired us to re-
think the relationship between sharpness and generalization,

by indicating that neural networks could easily manipulate
the Hessian by rescaling different layers of weights. This
tells us the Hessian of one specific local/global minimum
could not possibly directly interpret generalization. Even
though empirically people continue to see the direct con-
nection between sharpness and generalization. Our work
resolves this paradox by looking at the Hessian(sharpness)
of the global min in a range as a whole.

We need an additional assumption:

Assumption 5.3. The empirical risk fS is µ-QG in W , if
for all w 2 W and S ⇠ D

n:

fS(w) �
µ

2
kw �⇧W⇤

S
(w)k2

where ⇧W⇤
S
(w) is the Euclidean projection of a model w on

the set of globally optimal models W⇤
S with respect to fS .

Theorem 5.4. For a loss function f satisfying Assumption
3.3 and 5.3, suppose there exists an algorithm A that given
any input datasets S = {z1, z2 · · · zn}, its output A(S) sat-
isfies A(S) ⇢ WS and define B✏

S = {x|9i, d(x,A(Si)) 
✏}, then this algorithm A has pointwise stability guaranteed
to be bounded by

✏2n
n
ES max

w2WS\B✏n
S

nX

i=1

kr
2f(w; zi)k2 +O(✏3n)

, where µ and c come from the properties of f given in
Assumption 3.3, and ✏n =

q
2c
nµ . Meanwhile, we could also

bound stability with OSGs:

✏n
2n

ES max
w2WS\B✏n

S ,krk✏n

nX

i=1

krf(w + r; zi)k2 +O(✏3n)

In this proof, we bound stability (thus generalization, from
Theorem 3.2) by the maximum OSG norms close to the
global minimas that function could converge to.

(Neyshabur et al., 2017) also connects some proxy of gen-
eralization gap with the expected sharpness at different w.
It advantage is the sharpness is at specific point and it loses
some additional assumption than ours. However, our bound
is much stronger since we bound generalization with

q
1
n

times the expected sharpness.

5.3. Problems with Quadratic Growth loss functions

A natural question is: Are there any non-trivial models that
satisfy the QG inequality on a certain domain? We hereby
show that under a few natural assumptions some neural
networks will satisfy this condition.

First let’s look at individual functions:

Alexnet on Imagenet

Mini vs large batch phenomena not well understood



Theorem (informal):
There exist neural nets where SGD can be stable but GD is not

Generalization?
Define ↵ := (�1, 1),� := (�1/2, 1). The graphs of `(w; z) at ↵ and � are given in Figure 2. We

also graph the function g(w) defined by

g(w) =
`(w;↵) + `(w;�)

2
.

Figure 2: Graphs of the functions `(w; (�1, 1)) (top-left), `(w; (�1/2, 1)) (top-right), and g(w) =

`(w; (�1, 1))/2 + `(w; (�1/2, 1))/2 (bottom).

Note that the last function has two distinct basins of di↵erent heights. Taking the gradient,
one can show that the right-most function in Figure 2 has zero slope at ŵ ⇡ 0.598004. Comparing
`(w;↵) and `(w;�), we see that the sign of their slopes agrees on (�1/2, 1/2) and on (1, 3/2). The
slopes are of di↵erent sign in the interval [1/2, 1]. We will use this to our advantage in showing that
gradient descent is not stable, while that SGD is.

We will construct points (x1, y1) and (x2, y2) such that `(w; (x1, y1)) and `(w; (x2, y2)) have
positive and negative slope at ŵ. To do so, we will first construct an example with a slope of zero
at ŵ. A straightforward computation shows that `(w; (�1/2ŵ, 0)) has zero slope at ŵ. A graph of
this loss function is given in Figure 3. Note that ŵ corresponds to the concave-down critical point
in between the two global minima.

-0.5 0 0.5 1 1.5
0

0.1

0.2

0.3

0.4

Figure 3: Graph of the function `(w; (�1/2ŵ, 0)). By construction, this function has critical points at

w = 0, ŵ, 2ŵ.

Define

z± =

✓
�1

2ŵ ± ✏
, 0

◆
.

Straightforward calculations show that `(w; (z+, 0)) will have positive slope for w 2 (0, ŵ+ ✏), while
`(w; (z�, 0)) will have negative slope for w 2 (ŵ � ✏, 2(ŵ � ✏)). In particular, their slopes have
opposite signs in the interval (ŵ � ✏, ŵ + ✏). Define

S = {z1, . . . , zn�1, z�}
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Define ↵ := (�1, 1),� := (�1/2, 1). The graphs of `(w; z) at ↵ and � are given in Figure 2. We
also graph the function g(w) defined by
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Figure 2: Graphs of the functions `(w; (�1, 1)) (top-left), `(w; (�1/2, 1)) (top-right), and g(w) =

`(w; (�1, 1))/2 + `(w; (�1/2, 1))/2 (bottom).

Note that the last function has two distinct basins of di↵erent heights. Taking the gradient,
one can show that the right-most function in Figure 2 has zero slope at ŵ ⇡ 0.598004. Comparing
`(w;↵) and `(w;�), we see that the sign of their slopes agrees on (�1/2, 1/2) and on (1, 3/2). The
slopes are of di↵erent sign in the interval [1/2, 1]. We will use this to our advantage in showing that
gradient descent is not stable, while that SGD is.

We will construct points (x1, y1) and (x2, y2) such that `(w; (x1, y1)) and `(w; (x2, y2)) have
positive and negative slope at ŵ. To do so, we will first construct an example with a slope of zero
at ŵ. A straightforward computation shows that `(w; (�1/2ŵ, 0)) has zero slope at ŵ. A graph of
this loss function is given in Figure 3. Note that ŵ corresponds to the concave-down critical point
in between the two global minima.

Figure 3: Graph of the function `(w; (�1/2ŵ, 0)). By construction, this function has critical points at

w = 0, ŵ, 2ŵ.

Define

z± =

✓
�1

2ŵ ± ✏
, 0

◆
.

Straightforward calculations show that `(w; (z+, 0)) will have positive slope for w 2 (0, ŵ+ ✏), while
`(w; (z�, 0)) will have negative slope for w 2 (ŵ � ✏, 2(ŵ � ✏)). In particular, their slopes have
opposite signs in the interval (ŵ � ✏, ŵ + ✏). Define

S = {z1, . . . , zn�1, z�}
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Mini vs large batch phenomena not well understood



Next Time

• Asynchronous Optimization

• Stragglers

•Hogwild
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